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On Finite h-Semiaffine Planes 
ALBRECHT BEUTELSPACHER AND J6RG MEINHARDT 
An h-semiaffine plane is a linear space with the following property: For any non-incident 
point-line pair (p, L) there are h or h -1 lines through p which have no point in common with 
L. In this paper we characterize the finite 3-semiaffine planes and show that for a given h ~ 4 
there is only a finite number of finite h-semiaffine planes. 
1. INTRODUCTION 
For a positive integer h we define an h-semiaffine plane as an incidence structure 
S = (p, 2, I) of points, lines and incidences satisfying the following axioms: 
1. Any two distinct points of S are incident with exactly one common line. 
2. For any non-incident point-line pair (p, L) of S there are exactly h or h -1 lines 
through p which have no point in common with L. 
3. There exist at least two lines; any line is incident with at least two points. 
This concept generalizes the semiaffine planes (Dembowski [1]), which are essentiallyt 
the 1-semiaffine planes. Dembowski (cf. [1], see also Totten and de Witte [4]) proved 
the following 
RESULT 1. If S is a finite 1-semiaffine plane, then there are four possibilities: 
(a) S is a (possibly degenerate) projective plane, 
(b) Sis a projective plane from which one point has been removed, 
(c) S is an affine plane, or 
(d) S is an affine plane with one point at infinity. 
Conversely, all these structures provide examples of 1-semiaffine planes. 
Also, 2-semiaffine planes are well known. They have been introduced by Oehler [3] 
and have been called biaffine planes ('biaffine Inzidenzebenen'). Oehler showed 
RESULT 2. Apart from one isolated case, the finite 2-semiaffine planes are precisely 
the following structures S: 
(a) the finite affine planes, 
(b) the finite affine planes, from which one point has been removed, or 
(c) the finite affine planes, from which one line with all its points has been removed. 
The purpose of this paper is to deal with finite h-semiaffine planes with h:;;. 3. Let us 
consider first a class of examples. 
(A) Denote by D a 2-( v, k, 1) design. A subspace of D is a set u of points of D with 
the following property: If p and q are two distinct points in u, then any point of the line 
through p and q is contained in u. If D is a 2-( v, k, 1) design with k:;;. 3 and with r lines 
through any point, and if u is a subspace of D which is neither empty nor the whole 
point-set, then the incidence structure D-u is an (r-k+1)-semiaffine plane. (D-u is 
defined as the incidence structure whose points are the points of D not in u, whose lines 
are the lines of D which are not totally contained in u, and whose incidence-relation is 
induced by the incidence of D.) 
t Instead of 3, Dembowski uses a stronger non-degeneracy axiom. 
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This example shows that there exist finite h-semiaffine planes with arbitrarily large h. 
However, we shall prove the following 
THEOREM 2. Given an integer h with h ~ 4, then there are at most finitely many finite 
h-semiaffine planes. 
Now we introduce a second class of examples. 
(B) Let P denote a projective plane and let .:1 ={L1, L2 , L 3} be a set of three non-
concurrent lines (a triangle) of P. Then the incidence structure S = P- .:1, whose points 
are the points of P outside the lines L 1, L 2 , L 3 and whose lines are the lines of P distinct 
from L 1 , Lz, L 3 , is a 3-semiaffine plane. In particular, there exist infinitely many finite 
3-semiaffine planes. 
In order to characterize these 3-semiaffine planes, we have to introduce some notation. 
In a finite h-semiaffine plane S we denote by n + 1 the maximal number of lines through 
a point of S. This number n is called the (Dembowski) order of S. If h ~ 2, then any line 
L has n- h + 2 points (in which case L is called long) or n- h + 1 points (see Lemma 1 
below). By a parallel class of S we mean a set II of lines such that any point of S is 
incident with exactly one line of II. 
Now we can state our 
THEOREM 1. Denote by S a finite 3 -semiaffine plane of order n. Suppose that one of 
the following conditions holds: 
(A) n~7, or 
(B) there are two disjoint parallel classes consisting of long lines entirely. Then there is a 
projective plane P of order n and a triangle .:1 of P with S = P- .:1, or S is a (hypothetic) 
2-(46, 6, 1) design. 
In Section 2 we shall deal with regularity conditions, while in Section 3 Theorem 1 will 
be proved. By means of an example we shall show that conditions (A) and (B) of 
Theorem 1 cannot be dropped. In Section 4 we handle the case h ~ 4. Finally, we shall 
characterize all 3-semiaffine planes of order 4 and give a list of all possible parameters 
for finite 4~semiaffine planes. 
2. pARAMETERS 
Throughout this paper we shall denote by S == (p, 53, I) a finite h-semiaffine plane with 
v points and b lines. The number of points incident with the line L is called its degree 
[L]; dually, the degree [p] of the point pis defined. A line of degree i is also called an 
i-line. By n + 1 we denote the maximal point degree of S; the so-defined integer n is said 
to be the order of S. 
By Km we denote the complete graph on m vertices. Km is easily seen to be an (m- 3)-
and an ( m- 2) -semiaffine plane of order m- 2. 
Sn+I is defined as the linear space with n + 2 points having exactly one 3-line, while 
any other line has only two points. It is not difficult to show that Sn+I is an (n -1)-semiaffine 
plane with point degrees n + 1 and n. 
The following Lemma is crucial for our purposes. 
LEMMA 1. Denote by S a finite h-semiaffine plane of order n with h ~ 2. 
(a) Any line has n- h + 1 or n- h + 2 points. 
(b) If Sis not isomorphic to Sn+~> then every point of S has degree n + 1. 
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PROOF. We proceed in several steps. By definition of S it follows: 
Step 1. If (p, L) is a non-incident point-line pair of S, then 
[p] E{[L]+ h, [L]+ h -1}. 
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Denote by p0 a point of degree n + 1. Then, by Step 1, any line not through p0 has 
degree n - h + 2 or n - h + 1. 
Step 2. Any point has degree n + 1 or n. 
For: Let q be a point different from p0 • Then there is a line L containing neither q nor 
Po· (Otherwise, any line distinct from the line L0 through Po and q would intersect L 0 (in 
Po or q ). So, through no point outside L0 would there be a line disjoint to L0 , contradicting 
h:?: 2.) 
By Step 1, L has degree n - h + 2 or n - h + 1. Again using Step 1 we see 
[q] E {[L]+ h, [L]+ h -1}s;; {n, n + 1, n +2}. 
Since n + 1 is the maximal point degree, Step 2 is proved. 
Step 3. Any line L of S is incident with n- h + 2, n - h + 1, or n - h points. 
Namely: Any point outiside Lis an n-point or an ( n + 1) -point. Thus the assertion follows 
in view of Step 1. 
Step 4. There is no ( n - h) -line. 
Assume on the contrary that there exists a line X of degree n- h. Then any point outside 
X is an n-point. Consequently, any line of S has degree n- h + 1 or n- h. (No point 
outside an ( n - h + 2) -line Y has degree n. So, if there is such a line Y, any point of S 
were on X or Y; hence through no point outside X would there be a line disjoint to X, 
a contradiction.) 
First, let us suppose that there are at least two ( n- h) -lines. Since any ( n + 1) -point 
is incident with any ( n - h) -line, each point distinct from p0 has degree n. Since the 
number of ( n- h) -lines through an n-point is a constant, the set of ( n- h) -lines is exactly 
the set of lines through p0 • Hence 
v-1 =[p0](n- h-1) = (n+ 1)(n- h-1). 
On the other hand, if we look at a point p distinct from p0 , we see 
v-1 = n- h-1 +([p]-1)(n- h)= n(n- h)-1. 
Together it follows h = 0, a contradiction. 
It remains to consider the case where there is exactly one (n- h)-line (namely X). In 
this situation, any line through a point outside X is an (n-h+1)-line. It follows 
v-1 = n(n- h). 
On the other hand, 
v-1 = [X]-1 +([p0]-1)(n- h)= (n+ 1)(n- h)-1. 
Together we get [X]= n- h = 1, again a contradiction. 
Step 5. If there exists a point X of degree n, then s = sn+l· 
For: Any line not through x is an ( n- h + 1) -line. Since we have two distinct point 
degrees, there must exist a line L with n- h + 2 points. Denote by L 0 the line through 
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Po and x. It follows 
v = [Lo]+ ([Po]-1)(n- h)= [L0 ] + n(n- h). 
First, let us consider the possibility that any point distinct from x has degree n + 1. 
Then the set of (n-h+2)-lines is precisely the set of lines through x. Consequently, 
S-x is a 2-(v-1, n-h+1, 1) design with exactly n+1lines through any point. Hence 
n+1=(v-2)(n-h)-1• 
But v-1=[x](n-h+1)=n(n-h+1), so (n+1)(n-h)=v-2=n(n-h+1)-1, i.e. 
h = 1, a contradiction. 
Therefore we can suppose that there exists an n-point y distinct from x. If L 1 is the 
line through x and y, L 1 is the only line of degree n- h + 2. Moreover, 
v = [L1]+ ([y]-l)(n- h)= [Ld+(n -1)(n- h). 
Hence [L1]-[L0]= n- h. So 
n- h+1 + 1 ~ n- h+ 1 + n- h ~[L0]+ n- h =[L1]~ n- h+2, 
which implies n-h=1, [L0 ]=n-h+1=2 and [LI]=n-h+2=3. We have already 
remarked that L 1 is the unique line of degree 3 ( = n- h + 2), while any other line has 
only two points. Thus, S = Sn+l· 
If S is an h-semiaffine plane of order n, we call the lines of degree n- h + 2 long lines, 
while the ( n - h + 1) -lines are said to be short. 
3. FINITE 3-SEMIAFFINE PLANES 
Denote by S a finite 3-semiaffine plane of order n. Then any short line has degree 
n- 2 and any long line is incident with exactly n- 1 points. 
LEMMA 2. One of the following possibilities holds: 
1. S = K 5 or S = K 6 ; 
2. S=S5 ; 
3. Sis one of the two 2-(13, 3, 1) designs; 
4. Sis a (hypothetic) 2-(46,6, 1) design; 
5. through any point of S there are precisely three long lines. 
PROOF. Throughout we shall suppose S .,t. S5 . Denote by A the number of long lines 
through a point. Then 
v-1 = A(n-2)+(n+ 1-A)(n-3) =A +(n+ 1)(n-3), (1) 
and 
A(n -1) =VA= [A+ 1 +(n+ 1)(n- 3)]A, 
where A is the total number of long lines. It follows that n -1 divides (A- 3)A. Denote 
by x the integer with 
(n-1)x=A(A-3). (2) 
If A = 0, then S is a 2-( v, n- 2, 1) design with point degree n + 1. Thus, v -1 = 
(n + 1)(n- 3). Moreover, b(n-2) = v(n + 1) = (n 2 -2n -2)(n + 1). So, n -2 has to divide 
6. Since n- 2;;:,: 2, it follows n E {4, 5, 8}, hence v E {6, 13, 46}. 
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From now on, we suppoose .A> 0. Since n- 2 = n- h + 1;;;,: 2 we see that .A e {1, 2}. So, 
.A;;;,: 3. Furthermore, we have 
(b- A)(n -2) = v(n + 1- .A)= [.A+ 1 + (n + l)(n- 3)](n + 1- .A), 
which implies that n- 2 is a divisor of (.A- 2)(.A- 3). If y denotes the integer with 
(n- 2) y =(.A- 2)(.A- 3), then 
(n- 2) y =(.A- 2)(.A- 3) =.A (.A- 3)- 2(.A- 3) = (n -l)x- 2(.A- 3). 
Hence 
n-212(.A -3)-x. (3) 
Suppose .A=n+l. Then Sis a 2-(l+(n+l)(n-2), n-1, 1) design. Therefore 
b(n-l)=[l+(n+l)(n-2)](n+l), which implies n=3, and therefore v=S. 
Thus, we shall suppose .A~ n. We claim .A~ n -1. [Assume .A= n. Then, by equation 
(2), n -1 would divide .A (.A- 3) = n(n- 3), so n -lin- 3, i.e. n = 3. Consequently, any 
short line would have degree 1 ( = n- 2), a contradiction.] 
Thus, by equation (2), 
(n -l)x =.A (.A- 3) ~ (n -l)(.A- 3), 
so x ~.A- 3, and therefore 2(.A- 3)- x;;;,: .A- 3;;;,: 0. Since 
2(.A- 3)- x ~ 2(.A -3) ~ 2(n -4) < 2(n -2), 
in view of expression (3), there are only two possibilities: 
Case 1. 2(.A -3)-x =0. 
Then 2(.A- 3) = x ~.A- 3, which implies .A~ 3, i.e . .A = 3. 
Case2. 2(.A-3)-x=n-2. 
By equation (2), it follows in this situation 
(n-1)[2(.A-3)-n+2]=.A(.A-3), 
so 
.A 2 - .A(2n + 1)+ n2 + 3n -4 = 0 
The discriminant of this quadratic equation is 
(2n + 1)2 -4(n2 + 3n -4) = -8n + 17, 
which is negative for n;;;,: 3. 
This contradiction proves our Lemma. 
CoROLLARY 1. Suppose that S contains at least two long lines and suppose that Sis 
not K 5 • Then 
A=3(n-l). 
where I is the total number of short lines. 
PRooF. By Lemma 2, it follows .A= 3. Then equation (1) implies 
v = 1 +.A +(n+ l)(n- 3) = 1 +3+ n2 -2n- 3 = (n -1)2, 
A (n -1) = .Av = 3(n -1)2, 
I(n-2) = (n + 1- .A)v = (n -2)(n -1)2• 
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THEOREM 1. Let S be a finite 3 -semiaffine plane of order n. Suppose that one of the 
following conditions holds: 
(A) n~7. 
(B) There are two disjoint sets II1 and liz of long lines such that any point of S is on 
exactly one line of ll; (iE{1,2}). 
Then either Sis a (hypothetic) 2-(46, 6, 1) design or there exists a projective plane P 
and a triangle L1 of P such that S = P- Ll. 
PRooF. We can suppose S #- S5 . Obviously, S #- K 5, K 6 • Furthermore, S cannot be a 
2-(13, 3, 1) design, since such a design has no parallel class and fulfills n + 1 = 6. 
Throughout we shall assume that S is not a 2-( 46, 6, 1) design. 
If (A) holds, then in view of Corollary 1, the conclusion follows immediately by a 
theorem of de Witte [5]. 
Now, let us suppose that (B) holds. Since there are exactly 3(n -1) long lines, the set 
II3 of long lines not in II1 or liz is a parallel class of S as well. 
We call two lines of S parallel if they coincide or do not have a point in common. 
The proof of Theorem 1 follows in several steps. 
Step 1. Any long line L has exactly n- 1 short parallels. 
Namely: The number of short parallels of L equals 
(n -1)z-[L](n -2) = (n -1)z- (n -1)(n- 2) = n -1. 
For a long line L, we denote by II(L) the set of short lines parallel to L. 
Step 2. Let L be a long line. Then any two lines of II(L) are parallel; in particular, 
any point of Sis on a unique line of II*(L)=ll(L)u{L}. 
Assume on the contrary that there were two distinct lines G 1 and Gz of II(L) having a 
point pin common. Then through p there were three parallels to L (namely G 1, Gz and 
the long line parallel to L through p), a contradiction to the fact that any long line L 
has just two parallels through any point outside L. 
Step 3. If L 1 and Lz are two intersecting loqg lines, then II(L1) and II(Lz) have 
exactly one line in common. 
For: Denote by p the point incident with L 1 and Lz. Without loss in generality we can 
suppose that L; is in II; (i E {1, 2} ). The long lines intersecting L 1 and Lz in points different 
from p are precisely the n- 2 lines of II3 not through p. Therefore, the number of short 
lines intersecting L 1 and Lz in a point different from p is (n- 2)z- (n- 2). Thus the 
number of short lines intersecting both L 1 and Lz equals 
(n -2)z- (n -2) + n -2 = (n -2)2• 
Finally, we get the number of short lines disjoint from L 1 and Lz as 
I-([Ld+[L2])(n-2)+(n-2)z= 1. 
Step 4. Any short line G has exactly three long parallels. 
Namely: The number of long parallels of G can be computed as follows: 
3(n -1)-3[G] = 3(n-1)-3(n -2) = 3. 
Step 5. Denote by G a short line. Then no two distinct long parallels of G are parallel. 
Assume that there were two disjoint long parallels L 1 and Lz of G. Without loss in 
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generality we have L 1 E il1• Then il1 would contain L 1, L2 , and through any point of G 
a line, so 
lili~2+[G]=n, 
contradicting lil11 = n -1. 
Step 6. For any two disjoint short lines G 1 and G2 there exists exactly one long line 
parallel to G 1 and G2. 
Namely: First we show that there is at most one such line: Assume that there were two 
distinct long parallels L1 and L2 to G 1 and G2• By Step 5, L1 and L2 would have a point 
in common. Therefore, in view of Step 3, G 1 = G2 , a contradiction. 
Now we show that there is a line L having the required properties: The number a of 
short parallels of G 1 equals 
a= (n -1) 2 -[G1](n- 3) -1 = 3n-6. 
On the other hand, by Step 4, G 1 has exactly three long parallels L 1, L2 and L3, which 
intersect each other. In view of Steps 1 and 2, il(L;) has exactly n- 2 short lines apart 
from Gt. and any line in il(L;) is parallel to G 1 (i E {1, 2, 3}); moreover, by Step 3, il(L;) 
and il(Lj) have only G1 in common (i, j E {1, 2, 3}, i ~ j). Therefore, any short parallel 
of G1 is in precisely one of the sets il(L1), il(L2), il(L3). In particular, G2 E il(L;) for 
ani E{1, 2, 3}, and so, L; is a common long parallel to G 1 and Gz. 
Now we can define the incidence structureS*= (p*, 2*, I*) as follows: 
p*=pu{il*(L)jL is a long line of S}u{ilt.il2,il3}, 
2*=2u{Ut. Uz, U3}, 
where Ut. U2 , U3 are three distinct symbols not contained in p. The incidence relation 
I* will be defined by the following rules: 
pi*L~piL (for pEp, LE 2); 
il;l*L~LEili (for LE2, iE{1,2,3}); 
il*(L)I*G~G E il(L) (for G, LE 2, where Lis a long line); 
il*(L)I*Ui~LEili (for LE2, iE{1,2,3}); 
il;I*~~i~j (for i,jE{1,2,3}). 
Step 7. S* is a projective plane of order n. 
For: First we show that any two distinct points of S* are joined by a unique line of S*: 
Two distinct points of S are on a line of S. By Step 2, for any point p of S and any long 
line L there is exactly one line of il*(L) incident with p; this line joins the points p and 
il*(L) of S*. By our assumption (B), for any point p of S there is a unique line in il; 
through p; so, the points p and il; are on a common line of S* (i E{1, 2, 3}). 
Let L and L' be two distinct long lines. If L and L' are parallel, i.e. L, L' Ell; for an 
iE{1,2,3}, then il*(L) and il*(L') are joined by Ui. If Land L' intersect each other, 
then-in view of Step 3-there is exactly one short line G with G E il*(L) n il*(L'); this 
line G connects il*(L) and il*(L'). Let L E ili be a long line. Then il*(L) and il; are 
joined by L, while il*(L) and ilj (for jE{l,2,3}-{i}) are incident with U;. Finally, ili 
and ilj are joined by the line Uk with {i,j, k}={1,2,3}. 
It is easy to see that any line of S* is incident with exactly n + 1 points: A long line 
L E ili gets the new points il; and il*(L); by Step 4, any short line is incident with 
precisely three points of the form il*(L); the points of the line Ui are the n -1 sets 
il*(L), where LEilj, and the two new points ilj, ilk with {i,j, k}={1,2,3}. 
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Since S* has n2 + n + 1 points, S* is a projective plane of order n. By construction, 
S = S*-{Ul> Uz, U3}. 
Thus, Theorem 1 is proved. 
4. THE CASE h ~ 4. 
The aim of this section is to prove the following 
THEOREM 2. Denote by S a finite h-semiaffine plane of order n. If h ~ 4, then n ~ 
max{h 2 -1, ~(h4 - 6h 3 + 13h2 - 8h -1)}. In particular, for a given h ~ 4 there exist at most 
finitely many finite h-semiaffine planes. 
PROOF. Without loss in generality, we can supposeS~ Sh+Z· Then any point of S has 
degree n+ 1. 
If u denotes the number of short lines through a point of S, then 
v- 1 = u( n - h)+ ( n + 1 - u) ( n - h + 1) = ( n + 1) ( n - h + 1) - u. 
Let I be the total number of short lines. It follows 
I(n- h + 1) = vu = [(n + 1)(n- h + 1)- u + 1]u (4) 
and 
(b- I)(n- h +2) = v(n + 1- u) = [(n + 1)(n- h + 1)- u+ 1](n + 1- u) 
= [n(n- h +2)- u- h +2](n- h +2 -u+ h -1). (5) 
From equation ( 4) we deduce that n- h + 1 is a divisor of u( u- 1), and expression 
(5) implies that n-h+2 divides (u+h-2)(h-u-1). Therefore, there exist integers x 
andy with 
(n- h + 1)x = u(u-1), 
and 
(n- h+2)y = (h +u- 2)(u+ 1- h). 
Together we get 
hence 
(n- h +2)y = (h + u-2)(u+ 1- h)= (u-1)u- (h -1)(h -2) 
= (n- h+ 1)x-(h-1)(h -2), 
(n- h + 1)x = (n- h + 1)y+ y+ (h-1)(h -2). 
(6) 
So, n-h+1 divides y+(h-1)(h-2). Since n-h+1 and y+(h-1)(h-2) are both 
positive integers, we can distinguish the following two cases: 
Case 1. 2(n- h + 1) ~ y+ (h -1)(h -2). 
In view of equations ( 6) we have 
(n- h +2)y = (h + u- 2)(u+ 1- h)~ (h + u-2)(n + 1 + 1- h), 
so y ~ h + u- 2. Therefore it follows 
2n-2h+2~ h+u-2+ h 2 -3h+2~ h+ n + 1-2+h2 -3h+2, 
hence n ~ h 2 -l. 
or 
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Case 2. n- h + 1 = y+(h-1)(h -2). 
Using equations ( 6) we get in this case 
(n- h +2)(n- h+ 1- (h -1)(h -2)) = (h- u-2)(u+ 1- h), 
(n- h +2)(n- (h -1) 2) = u 2 - u- (h -1)(h- 2). 
Solving this quadratic equation for u, we get as discriminant d: 
d = 1 +4(n 2 - h 2 n + hn + n + h 3 - 3h2 +2h). 
Now, h ~ 4 implies 
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(7) 
If 2n- h 2 + h + 1,;;; 0, then n,;;; ~(h 2 - h -1), and the assertion is proved. On the other 
hand, if 2n- h 2 + h + 1 > 0, then inequality (7) implies 
d,;;; (2n- h2 + h) 2 , 
which reduces to 4n,;;;h4 -6h3 +13h2 -8h-1. 
Thus, for a given h ~ 4, there is only a finite number of ns. Since u,;;; n + 1, there is 
also only a finite number of vs. 
This proves Theorem 2. 
5. ExAMPLES 
If D is a partial plane, i.e. an incidence structure in which any two distinct points are 
incident with at most one common line, then we denote by jj the linear space, whose 
points are the points of D and whose lines are the lines of D together with the pairs of 
non-collinear points of D. 
LEMMA 3. If Dis a 1- ( v, 3, A) design, which is a partial plane, then Dis an h-semiaffine 
plane of order n = v- A- 2 with h = v- A -3. 
The proof is obvious and will be ommitted here. 
REMARKS. 1. It is well known (see Levi [2, p. 91f!.]) that for any natural number v ~ 7 
there exists a 1- ( v, 3, 3) design which is a partial plane. For v = 7 and v = 8 they are 
unique. For v = 9 there are precisely three such structures, namely the Pappas-configur-
ation, and the following two structures D 1 and D 2 : 
2. It is easy to check that none of the 3-semiaffine planes D1 and D2 satisfies condition 
(A) or (B) of Theorem 1. Thus, these conditions cannot be dropped. 
CoROLLARY 2. If S denotes a 3-semiaffine plane of order 4, then S = S5 , S = K 6 , or 
S = D, where Dis one of the three 1-(9, 3, 3) partial planes. 
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PROOF. Suppose S #- S5 , K 6 • Then, by Lemma 2, through any point there are exactly 
three long lines. Hence the long lines form a 1-( v, 3, 3) partial plane D. Clearly, S =D. 
By Lemma 3, 3= h = v-6, so v=9. 
Finally, in Table 1 we give a list of all admissible parameter sets for finite 4-semiaffine 
planes other than s6. 
TABLE 1 
n u v Examples 
5 12 punctured 2-(13, 3, 1) design; 
5 3 10 D, where Dis a 1-(10, 3, 3) partial plane; 
5 4 9 D, where Dis a 1-(9, 3, 2) partial plane; 
6 3 19 points: 1, ... , 19; lines {1, 2, 4, 10}+ i (mod 19) and 
{1, 8, 13}+ i (mod 19) (i E{1, ... , 19}); 
6 6 16 points: 1, ... , 16; lines: {1, 2, 8}+ i (mod 16), {1, 3, 6}+ i (mod 16) 
(i E{l, ... , 16}), {0, 4, 8, 12}+ j (mod 4) (j E {1, ... , 4}); 
8 1 45 punctured (hypothetical) 2-(46, 6, 1) design; 
8 6 40 a 2-(46, 6, 1) design minus a line would have these parameters; 
9 3 58 the existence of such a structure is not known to the authors. 
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